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Towards a new quantization of Dirac’s monopole
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There are several mathematical and physical reasons why Dirac’s quantization must hold. How
far one can go without it remains an open problem. The present work outlines a few steps in this
direction.
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In his pioneer work [1] Dirac showed that the existence
of just one magnetic monopole would explain electric
charge quantization. Nowadays this is known as Dirac’s
quantization rule. In sixties Lipkin et al [2] showed that
in the presence of the magnetic monopole the Jacobi iden-
tity for the translational group failed. Later Jackiw [3]
found that the Dirac’s quantization restores the associa-
tivity of the finite translations, but the infinitesimal gen-
erators remain “nonassociative” and the Jacobi identity
fails.
There exist various arguments based on the quantum
mechanics, theory of representations, topology and dif-
ferential geometry in behalf of the Dirac’s rule [3, 4, 5,
6, 7, 8]. All of them are related to the necessary condi-
tions of saving the situation and the problem of finding
the sufficient conditions of existing of magnetic point like
monopole is still open. It is therefore of interest to con-
struct self consistent nonasociative quantum mechanics
with an arbitrary magnetic monopole charge or maybe
involving the distinct quantization rules related to the
magnetic monopole. The present work outlines a few
steps in this direction and the problems we have found.
Let us consider a point particle with electric charge e
and mass m moving in the field of a magnetic monopole
of charge q. The non-relativistic classical Hamiltonian
may be written as follows [9]
H =
1
2mr2
(p · r)2 + 1
2mr2
(J2 − µ2)
where
J = r× (p− eA)− µr
r
, µ = eq (1)
is the conserved total angular momentum and we set
h¯ = c = 1. The last term in the formula (1) usually
is interpreted as the contribution of the electromagnetic
field [9, 10, 11, 12], which carries an angular momentum
Lem =
1
4π
∫
r× (E×B)d3r = −µr
r
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Also this is known as Poincare´ magnetic angular momen-
tum [13]. A magnetic field of the Dirac’s monopole is
B = q
r
r3
(2)
and any choice of the vector potentialA being compatible
with (2) must have singularities, the so-called Dirac’s
string.
At the quantum level the operator
J = r× (−i∇− eA)− µr
r
(3)
representing the angular momentum J has the same
properties as a standard angular momentum and obeys
the following commutation relations
[H,J2] = 0, [H, Ji] = 0, [J
2, Ji] = 0 (4)
[Ji, Jj ] = iǫijkJk, (5)
Choosing the vector potential as
A = −q 1 + cos θ
r sin θ
eˆϕ.
we find
J± = e
±iϕ
(
± ∂
∂θ
+ i cot θ
∂
∂ϕ
− µ1 + cos θ
sin θ
)
, (6)
J0 = −i ∂
∂ϕ
+ µ, (7)
J2 = − 1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
− 1
sin2 θ
∂2
∂ϕ2
−
−i 2µ
1− cos θ
∂
∂ϕ
+ µ2
1 + cos θ
1− cos θ + µ
2 (8)
where J± = Jx± iJy are the raising and the lowering op-
erators for J0 = Jz satisfying the standard commutations
relations
[J0, J±] = ±J±, [J+, J−] = 2J0.
It is known that for the Dirac’s monopole problem the
Schro¨dinger equation written in the spherical coordinates
admits the separation of variables and the eigenfunctions
of the angular part of the Hamiltonian are [5]
Yjnµ(θ, ϕ) =
1√
2π
ei(j−µ−n)ϕPjnµ(cos θ), (9)
2with n as a non-negative integer and
Pjnµ(u) =
1√
hjnµ
(1− u)α/2(1 + u)β/2P (α,β)n (u),
hjnµ =
22(j−n)+1
2j + 1
Γ(j + µ+ 1)Γ(j − µ+ 1)
n!Γ(2j − n+ 1) ,
α = j + µ− n, β = j − µ− n,
here Γ is the Gamma function, j(j+1) and j−n are the
eigenvalues of J2 and Jz respectively, and P
(α,β)
n are the
Jacobi polynomials.
Using the rotational invariance of the system and re-
stricting by the unitary representations of the group
SO(3) one can obtain the Dirac’s quantization rule 2µ =
integer. This results in the following: the only way to
avoid Dirac’s rule is to consider a nonunitary represen-
tation of the rotation group.
Further we will try to describe the charge-monopole
system as a free particle with an arbitrary spin, the so-
called anyons, and relate this with the nonunitary rep-
resentations of the rotation group. The idea to describe
Dirac’s monopole as a particle with a spin is not new
[9, 11, 14]. However, in the known models anyon’s statis-
tics is based on the SO(2,1)-symmetry [14, 15]. and
it is not clear how anyons may be appeared in a non-
relativistic theory and its relation with the group SO(3).
Following [14] we consider the Lagrangian describing a
non-relativistic charged particle in the field of a magnetic
monopole
L =
m
2
r˙2 + eA · r˙
whereA is the vector potential determining the magnetic
field (2). In the limit m → 0, the action is given by the
integral of the one-form θ = eAidx
i and we have
dθ = − 1
2S2
εijkSidSj ∧ dSk, S = −µr
r
(10)
The two-form dθ is closed and nondegenerate, and is in-
terpreted as a symplectic form corresponding to the sym-
plectic potential θ defined on the unit two-sphere. It can
be used to introduce Poisson brackets on S2 as follows
{Si, Sj} = εijkSk, (11)
and thus the angular momentum of the electromagnetic
field Lem can be considered as a classical spin.
Developing this idea, one can give the alternative de-
scription of the charge-monopole system as a free particle
of the fixed spin with translational and spin degrees of
freedom. The corresponding constrained Hamiltonian is
given by
H =
1
2m
(
p− 1
r2
(r× S))2 + λ(S · r+ µr) (12)
where the second term describes the spin-orbit interac-
tion. On the constraint surface S·r+µr ≈ 0 the dynamics
generated by the Hamiltonian (12) is exactly the same as
the dynamics of the initial charge-monopole system [14].
The above considerations is based on the conventional
approach to the spin and therefore involves implicitly the
Dirac’s quantization rule. The case of µ being not nec-
essarily integer or half integer implies making use of the
nonunitary representations of the group SO(3).
Let the set of {S±, S0} and {L±, L0} form the algebra
so(2, 1) and so(3) respectively
[S+, S−] = −2S0, [S±, S0] = ∓S± (13)
[L+, L−] = 2L0, [L±, L0] = ∓L±. (14)
We introduce a direct sum so(3)⊕ so(2, 1) as follows
J0 = L0 + S0, J+ = L+ − S+, J− = L− + S−. (15)
The computation shows that the operator J obeys the
commutation relations of the algebra so(3)
[J0, J±] = ±J±, [J+, J−] = 2J0
and identifying Ji’s as
J1 = L1 + iS2, J2 = L2 + iS1, J3 = J0 (16)
we find
[Ji, Jj ] = iεijkJk.
Notice that the group SO(3) ⊗ SO(2, 1) has previously
appeared in Dirac monopole theory, as a dynamical in-
variance group [16].
We construct the representation by using the genera-
tors of the group SO(3) with the standard action on the
state |l, m˜〉 given by
L2|l, m˜〉 = l(l+ 1)|l, m˜〉,
L0|l, m˜〉 = m˜|l, m˜〉,
L+|l, m˜〉 =
√
(l − m˜)(l + m˜+ 1)|l, m˜+ 1〉,
L−|l, m˜〉 =
√
(l + m˜)(l − m˜+ 1)|l, m˜− 1〉,
and the unitary infinite dimensional representation of the
group SU(1, 1) relating to the generators Si’s.
For the representation bounded above we have [15]
S2|λ, n〉 = λ(λ− 1)|λ, n〉,
S0|λ, n〉 = −(λ+ n)|λ, n〉,
S+|λ, n〉 = −
√
(2λ+ n− 1)n|λ, n− 1〉,
S−|λ, n〉 = −
√
(2λ+ n)(n+ 1)|λ, n+ 1〉,
where n = 0, 1, 2, . . . ,∞ and λ is an arbitrary parameter,
and for the highest-weight state |λ, 0〉 one obtains
S0|λ, 0〉 = −λ|λ, 0〉, S+|λ, 0〉 = 0.
Thus λ is the eigenvalue of J0 for the state |λ, 0〉 and
characterizes the representation. Recently the infinite
dimensional representations of the group SO(2,1) have
3been used for the description of a theory of anyons where
the spin of the one-particle states is taken to be s = 1−λ
[15] (see also [17, 18]).
Starting with the highest-weight state |j, j〉 = |l, l〉 ⊗
|λ, 0〉 corresponding to the eigenvalue l − λ of the oper-
ator J0 and applying the lowering operator J− one can
construct all states as follows
J−|j,m〉 =
√
(j +m)(j −m+ 1)|j,m− 1〉, (17)
J+|j,m〉 =
√
(j −m)(j +m+ 1)|j,m− 1〉, (18)
m = j, j − 1, . . . ,−∞
It is easy to see that the arised representation is
nonunitary infinite dimensional and bounded above by
m ≤ j, instead of −j ≤ m ≤ j well known for the unitary
finite-dimensional representations of the rotation group.
The analysis of the nonunitary representation shows
that the allowed values of j, µ are µ2 ≤ j(j+1) and j−µ
= integer, which is an alternative choice to the Dirac rule
[19].
In our model the charge-monopole system is inter-
preted as a free anyon with translational and spin de-
grees of freedom. The close approach has been applied
in [20, 21] for description of a fractional spin in (2 + 1)−
dimensions.
Recently Mart´ınez-y-Romero et al [22, 23] have used
a nonunitary representation for a Dirac particle in a
Coulomb-like field and Davis and Ghandour [24] have
showed that nonunitary transformations are not so
strange in quantum mechanics. The physical conse-
quences of using nonunitary representations in Dirac’s
monopole problem are not clear till now and the work is
in progress.
Acknowledgments
We would like to thank R. Jackiw and M. Plyushchay
for helpful comments on Dirac monopole theory and re-
lated subjects.
[1] P. A. M. Dirac, Proc. Roy. Soc. Lond. A133, 60 (1931).
[2] H. Lipkin, W. Weisberger and M. Peshkin, Ann. Phys.
(NY) 52, 203 (1969).
[3] R. Jackiw, Phys. Rev. Lett. 54, 159 (1985).
[4] T. T. Wu and C. N. Yang, Phys. Rev. D12, 3845 (1975).
[5] T. T. Wu and C. N. Yang, Nucl. Phys. B107, 365 (1976).
[6] M. Go¨ckeler and T. Schu¨cker, Differential Geometry,
Gauge Theories and Gravity (Cambridge Univ., N.Y.,
1985).
[7] C. Nash, Differential Topology and Quantum Field The-
ory (Academic Press, N.Y., 1991).
[8] M. Kaku, Quantum Field Theory (Oxford Univ., N.Y.,
1993).
[9] A.S. Goldhaber, Phys. Rev. B 140, 1407 (1965).
[10] H. A. Wilson, Phys. Rev. 75, 309 (1949).
[11] A.S. Goldhaber, Phys. Rev. Lett. 36, 1122 (1976).
[12] D. Lynden-Bell and M. Nouri-Zonoz, Rev. Mod. Phys.
70, 427 (1998).
[13] A. Be´rard, Y. Grandati and H. Mohrbach, Phys. Lett.
A254, 133 (1999).
[14] M. S. Plyushchay, Nucl. Phys. B589, 413 (2000).
[15] R. Jackiw and V. P. Nair, Phys. Rev. D43, 1933 (1991).
[16] R. Jackiw, Ann. Phys. 129, 183 (1980).
[17] M. S. Plyushchay, Nucl. Phys. B362, 57 (1991).
[18] M. S. Plyushchay, Phys. Lett. B262, 71 (1991).
[19] A. I. Nesterov and F. Aceves de la Cruz, Phys. Lett.
A302, 253 (2002).
[20] M. S. Plyushchay, J. Math. Phys. 35, 6049 (1994).
[21] M. S. Plyushchay, Phys. Lett. B320, 91 (1994).
[22] R. P. Mart´ınez-y-Romero, J. Saldan˜a-Vega and A. L.
Salas-Brito, J. Phys. A31, L157 (1998).
[23] R. P. Mart´ınez-y-Romero, A. L. Salas-Brito and J.
Saldan˜a-Vega, J. Math. Phys. 40, 2324 (1999).
[24] E. D. Davis and G. I. Ghandour, Phys. Lett. A278, 239
(2001).
